
On the Equivalence Relationships among Fisher
Information, Shannon Measures and Variance

Yuan Xinjie, Tianren Peng, Zhenyu Liu, Shao-Lun Huang∗
Tsinghua Shenzhen International Graduate School, Tsinghua University, Shenzhen, China

{yuanxj23, ptr22}@mails.tsinghua.edu.cn, {shaolun.huang, zhenyuliu}@sz.tsinghua.edu.cn

Abstract—This paper studies the fundamental relationships
between mutual information, parametric and non-parametric
Fisher information, minimum mean squared error (MMSE), and
conditional variance. In particular, we introduce a unified and
novel framework called Equivalent Polynomial Representation
(EPR), which represents these quantities within a common
polynomial space for dual-scaled parametric MIMO Gaussian
channels. Within this framework, classical identities such as de
Bruijn’s identity and the I-MMSE relationship, are recovered
as special cases. Beyond these, the EPR framework yields new
fourth-degree identities connecting MMSE derivatives, paramet-
ric Fisher information, and conditional variance under general
parametric scaling regimes. These results reveal hidden algebraic
structure underlying the interplay between estimation-theoretic
and information-theoretic quantities.

Index Terms—de Bruijn’s identity, I-MMSE, Fisher informa-
tion, parametric estimation

I. INTRODUCTION

Information theory and statistical estimation theory are
closely connected through fundamental identities relating en-
tropy, Fisher information, and estimation error. Two landmark
results exemplify this connection: de Bruijn’s identity [1]
and the I-MMSE (mutual information-minimum mean squared
error) relationship [2].

De Bruijn’s identity states that for the additive Gaussian
noise channel Y = X +

√
tN where N ∼ N (0, 1) is

independent of X , the differential entropy satisfies
∂

∂t
h(Y ) =

1

2
J(Y ),

where J(Y ) denotes the non-parametric Fisher information
(NPFI). Subsequently, Guo, Shamai, and Verdú [2] established
the I-MMSE relationship for the scaled signal channel Y =√
tX +N :

∂

∂t
I(X;Y ) =

1

2
MMSE(t),

where I(X;Y ) denotes mutual information (MI) and
MMSE(t) denotes the mean squared estimation error of X
from Y . These identities have inspired extensive research
connecting information-theoretic quantities and estimation er-
ror, with applications spanning communication systems, signal
processing, and statistical inference [3]–[9].

However, existing works predominantly focus on NPFI,
which measures sensitivity with respect to observations. In
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contrast, parametric Fisher information (PFI), which quantifies
sensitivity with respect to distributional parameters, is more
relevant for sensing-oriented settings where communication
and parameter estimation are both of interest [10]–[15]. The
distinction is fundamental: NPFI involves spatial derivatives,
whereas PFI involves parametric derivatives.

For PFI, the celebrated Cramér-Rao bound [16] provides
a fundamental inequality relating PFI to the variance of
parameter estimators:

Var(θ̂) ≥ 1

Jθ
,

where Jθ is the parametric Fisher information for parameter
θ. However, this inequality concerns parameter estimation
accuracy, which is conceptually distinct from signal estimation
error in the I-MMSE relationship. More importantly, system-
atic relationships connecting PFI, MI, MMSE, and conditional
variance remain largely unexplored.

In this paper, we address this gap by proposing a novel
unified framework, called Equivalent Polynomial Representa-
tion (EPR), for dual-scaled MIMO Gaussian channels where
both signal and noise intensities vary parametrically. The key
insight is that MI, PFI, NPFI, MMSE, and conditional variance
can be represented in a common polynomial space under mild
boundary conditions, enabling direct algebraic comparison
across quantities. Within this framework, classical identities—
de Bruijn’s identity and the I-MMSE relationship—are recov-
ered as special cases. More importantly, we derive three new
fourth-degree identities: a new MMSE-derivative/conditional-
covariance relationship and two new PFI-variance relation-
ships under special scaling laws. These results reveal hidden
connections between estimation and communication, and pro-
vide analytical insights for parameter-aware communication
and sensing design.

II. CHANNEL MODEL AND PRELIMINARIES

We consider the following dual-scaled MIMO Gaussian
channel model:

Y = r(t)HX + rN (t)Z, (1)
where Y ∈ RL is the received signal, H ∈ RL×K is a
random but fixed channel matrix, X ∈ RK is the transmitted
signal, and Z ∈ RL is the additive Gaussian noise following
N (0, IL), independent of X . IL denotes the L-dimensional
identity matrix. The functions r(t) and rN (t) are differentiable



scalar functions with parameter t being an abstract scalar
parameter encompassing SNR, noise variance, or sensing pa-
rameters as special cases. r(t) and rN (t) capture a wide range
of practical scenarios such as range-dependent attenuation in
radar or sensing settings (where both signal strength and noise
level vary with distance, e.g., r(t) ∝ t−2, rN (t) ∝ t−α)
and adaptive systems with power control and time-varying
interference (where r(t) models transmit power adaptation and
rN (t) captures interference dynamics).

For brevity, we omit t and write r, r′, rN , r′N for
r(t), r′(t), rN (t), r′N (t) when clear from context, where the
prime denotes derivative w.r.t. t. Probability density functions
(PDFs) are denoted by f(·) with appropriate subscripts indi-
cating the associated random variables. For instance, the input
X follows an arbitrary distribution with PDF fX(x).

The MMSE estimator of X given Y is defined as
X̂(Y ) ≜ E [X|Y ] . (2)

We define the conditional covariance matrix of the transformed
signal HX

Cov (HX|Y ; t) ≜E
[(

HX −HX̂(Y )
)(

HX −HX̂(Y )
)T ∣∣∣Y ]

.

(3)
The error covariance matrix of HX̂ is defined as the expec-
tation of the conditional covariance:

CovHX̂(t) ≜E [Cov (HX|Y ; t)] . (4)
The associated MMSE is defined as the trace of the error
covariance matrix:

MMSEHX(t) ≜ Tr
(
CovHX̂(t)

)
, (5)

where Tr(·) denotes the matrix trace operator. The differential
entropy of Y is defined as

h(Y ; t) ≜ −E [log fY (Y ; t)] . (6)
The mutual information between X and Y is given by

I(X;Y ; t) ≜ h(Y ; t)− h(Y |X; t) (7)
which reduces to h(Y ; t) − L

2 log
(
2πer2N

)
under Gaussian

noise. The non-parametric Fisher information matrix measures
the sensitivity of the log-likelihood with respect to observa-
tions:

J(Y ; t) ≜ E
[
(∇y log fY (Y ; t)) (∇y log fY (Y ; t))

T
]
, (8)

where ∇y denotes the gradient operator with respect to
y. Equivalently, this quantity can be interpreted as Fisher
information with respect to a virtual location parameter that
shifts the observation vector. In contrast, the parametric Fisher
information quantifies the sensitivity of the log-likelihood with
respect to the parameter t:

JY (t) ≜ E

[(
∂

∂t
log fY (Y ; t)

)2
]
. (9)

Note that non-parametric Fisher information involves spatial
derivatives with respect to observations, whereas parametric
Fisher information involves derivatives with respect to the
parametric scaling variable t.

III. EQUIVALENT POLYNOMIAL REPRESENTATION
FRAMEWORK

In this section, we develop a unified analytical framework
based on the novel concept of Equivalent Polynomial Repre-
sentation. We first define EPR and establish its fundamental
equivalence properties, and then derive an order-reduction
lemma that enables systematic simplification of higher-order
representations. Unless otherwise specified, all integrals are
taken over R or appropriate product spaces, with limits un-
derstood to be ±∞.

A. Equivalent Polynomial Representation

Definition 1 (Equivalent Polynomial Representation). Let
q(y, x1, . . . , xk) be a polynomial function of variables y ∈ RL

and x1, . . . , xk ∈ RK . If a function g(t) can be represented
as

g(t) =

∫
q(y, x1, . . . , xk)fY (y; t)

k∏
i=1

fX|Y (xi|y; t)dxidy,

then q(y, x1, . . . , xk) is called an equivalent polynomial rep-
resentation of g(t), denoted by

g(t)
I↔ q(y, x1, . . . , xk).

Furthermore, if qi(y, x1, . . . , xki), i = 1, 2 are both EPRs
of g(t), they are said to be equivalent, denoted by 1

q1(y, x1, . . . , xk1
) ↔ q2(y, x1, . . . , xk2

).

We further define the order of an EPR as the minimum
number of distinct replicas of x involved in the EPR. We also
define the degree of g(t) as the degree of the polynomial q
with respect to y and xi’s.
Remark 1. According to Definition 1, g(t) can be written as
a conditional expectation only when X1, . . . , Xk are condi-
tionally i.i.d. given Y and each follows fX|Y (·|Y ; t). Under
this condition,

g(t) = E
[
E
[
q(Y,X1, . . . , Xk) | Y ; t

]]
.

This gives a probabilistic interpretation of EPR and links it
to standard conditional expectation notation.

Taking CovHX̂(t) as an example to illustrate the concept
of EPR, we first derive its EPR as follows:

CovHX̂(t) =E
[
E
[(

HX −HX̂(Y )
)(

HX −HX̂(Y )
)T ∣∣∣Y ]]

=E
[
E
[
HX(HX)T | Y

]
− E [HX | Y ]E [HX | Y ]T

]
=

∫ (
Hx1x

T
1 H

T −Hx1x
T
2 H

T
)

· fY (y; t)

2∏
i=1

fX|Y (xi|y; t)dxidy

I↔Hx1x
T
1 H

T −Hx1x
T
2 H

T. (10)

1Here, I↔ denotes the representation relation between a function of param-
eter t and a polynomial, while ↔ denotes equivalence between polynomial
representations. This relation induces a map R from admissible polynomials
to functions of t, i.e., g(t)

I↔ q ⇐⇒ g(t) = R[q]. Accordingly,
q1 ↔ q2 ⇐⇒ R[q1] = R[q2]. Since the polynomial arguments may
be cumbersome, we use arrow-style relation symbols in the main text instead
of explicit map notation.



Since E
[
E [HX|Y ]E [HX|Y ]T

]
includes two conditional

expectations, two replicas x1 and x2 are required in the EPR.
Therefore, the order of the EPR is 2. The degree of CovHX̂(t)
is 2 as well, since the polynomial is quadratic in xi.

Similarly, the non-parametric Fisher information J(Y ; t)
can also be expressed in EPR form2:

J (Y ; t)
I↔ 1

r4N

(
yyT − ryxT

1 H
T − rHx1y

T + r2Hx1x
T
2 H

T
)
,

which is also of order 2 and degree 2. According to the
basic properties of conditional expectations, we can further
reduce monomials involving y of order 1 or 0 to eliminate the
dependence on y using the following property.
Property 1. The following equivalence relationships for
second-degree polynomials hold:

1) yyT ↔ r2Hx1x
T
1 H

T + r2N IL,
2) yxT

1 H
T ↔ r Hx1x

T
1 H

T.

Taking trace on both sides preserves the equivalence.
Proof. Expanding into integrals of E

[
Y Y T

]
= r2HE

[
XXT

]
HT+

r2NIL and E
[
Y XTHT

]
= rHE

[
XXT

]
HT, the equivalence

relationships follow directly.
Appendix provides fourth-degree equivalence relationships

by Property 2. Applying Property 1, we obtain NPFI’s EPR
as

J (Y ; t)
I↔ 1

r2N
IL − r2

r4N
Hx1x

T
1 H

T +
r2

r4N
Hx1x

T
2 H

T, (11)

which shares the same second-degree components as the error
covariance matrix’s EPR, i.e., x1x

T
1 and x1x

T
2 .

A crucial property of the EPR framework is that the
equivalence relationship “↔” preserves linearity.
Proposition 1 (Linearity of EPR Equivalence). Suppose that
for a collection of functions {gi(t)}ni=1, we have gi(t)

I↔
qi(y, x1, . . . , xki

). If there exist coefficients {ci(t)}ni=1 and a
term c0(t) such that the polynomial representations satisfy

n∑
i=1

ci(t)qi(y, x1, . . . , xki
) ↔ c0(t),

then it follows that
n∑

i=1

ci(t)gi(t) = c0(t).

This means that any linear identity established at the poly-
nomial level directly induces a corresponding identity among
the associated information-theoretic quantities. In particular,
this proposition is the formal bridge that justifies turning
coefficient-level EPR equivalences into function-level equali-
ties throughout the paper. As an example, comparing the EPRs
in Eq. (10) and Eq. (11), the following proposition holds,
connecting NPFI and the error covariance matrix.
Proposition 2. Consider the dual-scaled MIMO Gaussian
channel Eq. (1). The following relationship holds:

J (Y ; t) = − r2

r4N
CovHX̂(t) +

1

r2N
IL, (12)

2According to the Gaussian noise setting, we have fY |X(y|x; t) =

(2πr2N )−L/2 exp
(
−∥y − rHx∥2/2r2N

)
, and thus ∇y log fY |X(y|x; t) =

(rHx− y)/r2N . Further we get ∇yfY (y; t) =
∫ rHx−y

r2
N

fXY (x, y; t)dx,

and ∇y log fY (y; t) =
∫ rHx−y

r2
N

fX|Y (x|y; t)dy.

or equivalently taking trace on both sides,

Tr (J (Y ; t)) = − r2

r4N
MMSEHX(t) +

L

r2N
. (13)

B. Order Reduction Lemma

It is hard to compare EPRs of different orders directly. To
address this challenge, an order-reduction lemma is developed,
which can reduce higher-order EPRs to lower-order ones. A
mild regularity condition is required.
Assumption 1 (Boundary-Term Vanishing Condition). For a
k-th order polynomial q(y, x1, . . . , xk), we define the follow-
ing auxiliary function:

ϕq(y) ≜
∫

q (y, x1, . . . , xk)

k∏
i=1

fXY (xi, y; t)

k∏
i=1

dxi. (14)

We assume that the following boundary integrals vanish de-
pending on the order of q:∫

∂Ω

log fY (y; t)ϕq(y)
Tn(y)dS = 0, k = 1, (15)∫

∂Ω

f−k+1
Y (y; t)ϕq(y)

T n(y)dS = 0, k ≥ 2, (16)

where Ω = RL, ∂Ω denotes its boundary at infinity, n(y) is the
outward unit normal vector, and dS is the surface measure.
Remark 2. Intuitively, Assumption 1 requires that the out-
put distribution’s tail decays fast enough to dominate the
polynomial growth of q. This condition is satisfied by a
broad class of input distributions, including compact-support
distributions, Gaussian distributions, and many exponential
family distributions (e.g., Laplace, exponential, Gamma).
Lemma 1 (Order Reduction Lemma). Let k ≥ 2 and
q(y, x1, . . . , xk) ∈ RL be a polynomial function of order k
that satisfies Assumption 1. Then the following (k+1)-th order
EPR can be reduced to k-th order by

r (Hxk+1)
T
q ↔ 1

k − 1

(
−yTq+

k∑
i=1

(rHxi)
T
q+r2N ∇y ·q

)
,

(17)
where ∇y · q denotes the divergence of q with respect to y.
Proof. Using auxiliary function ϕq(y) defined in Eq. (14), and apply-
ing the divergence theorem, we can derive the following integration
by parts formula:∫

f−k+1
Y (y; t)∇y · ϕq(y)dy

=

∫
∂Ω

f−k+1
Y (y; t)ϕq(y)

Tn(y)dS −
∫

ϕT
q (y)∇yf

−k+1
Y (y; t)dy.

By Assumption 1, the boundary term vanishes. Substituting
∇yfY (y; t) =

∫
rHx−y

r2
N

fXY (x, y; t)dx and simplifying, the first
integral can be expressed as

LHS I↔− 1

r2N

k∑
i=1

(y − rHxi)
T q +∇y · q,

while the right-hand side can be expressed as

RHS I↔− (k − 1)
1

r2N
(y − rHxk+1)

T q.

Equating and rearranging yields the desired result.
With the order reduction lemma, higher-order EPRs can

be reduced eventually to second-order ones by recursively



applying Lemma 1. The following corollary provides an
example of reducing an EPR of order 3 to order 2.
Corollary 1. The following equivalence holds:

r ∥Hx1∥2 (Hx2)
T
(Hx3) ↔ r ∥Hx1∥2 (Hx1)

T
(Hx2)

+r ∥Hx1∥2 ∥Hx2∥2 − ∥Hx1∥2 yTHx2.

Proof. Invoking Lemma 1 with q = ∥Hx1∥2 Hx2 and k = 2 yields
the desired result.

IV. MAIN RESULTS

A wide range of information-theoretic quantities can be
expressed in terms of EPRs and finally reduced to second-
order EPRs. Such a framework enables direct comparisons and
explicit relationships among seemingly disparate quantities.

A. Second-Degree Relationships

Proposition 3. Consider the dual-scaled MIMO Gaussian
channel Eq. (1). Under Assumption 1, the following relation-
ships hold:

(i) Extended I-MMSE Relationship:
∂

∂t
I(X;Y ; t) =

r

r3N
(r′rN − rr′N )MMSEHX(t). (23)

(ii) Extended de Bruijn’s Identity:
∂

∂t
h(Y ; t) =

rN
r
(rr′N − r′rN )Tr (J(Y ; t))+

r′

r
L. (24)

Proof. The EPR of ∂
∂t
h(Y ; t) can be derived as follows:

∂

∂t
h (Y ; t)

(a)
=−

∫
∂

∂t
fY (y; t) log fY (y; t)dy

(b)
=−

∫
(∇y · ϕq̃ (y; t)) log fY (y; t) dy

(c)
=

∫
ϕq̃ (y; t)

T ∇y log fY (y; t) dy

−
∫
∂Ω

log fY (y; t)ϕq̃ (y; t)
T n(y)dS

(d)
=

∫
1

fY (y; t)

(∫
q̃(y, x)fXY (x, y; t)dx

)T

(∫
rHx− y

r2N
fXY (x, y; t)dx

)
dy

I↔q̃(y, x1)
T rHx2 − y

r2N
,

where step (a) follows from the regularity of fY (y; t) that∫
∂
∂t
fY (y; t)dy = ∂

∂t

∫
fY (y; t)dy = 0, (b) expresses the derivative

w.r.t. t as a spatial divergence via the polynomial

q̃(y, x) ≜
1

rN
(−r′Ny + (rr′N − r′rN )Hx) (25)

and its induced function ϕq̃(y; t) ≜
∫
fXY (x, y; t)q̃(y, x)dx, such

that ∇y · ϕq̃(y; t) = ∂
∂t
fY (y; t), (c) applies integration by parts,

and (d) invokes Assumption 1 to eliminate the boundary term. The
resulting EPR is given by
∂

∂t
h (Y ; t)

I↔ (rr′N − r′rN )r

r3N

(
xT
1 H

THx2 − ∥Hx1∥2
)
+

r′N
rN

L.

(26)
Finally, by Proposition 1, comparing Eq. (10) and Eq. (26) with

the fact that ∂
∂t
I(X;Y ; t) = ∂

∂t
h(y; t) − L

r′N
rN

yields (i). Likewise,
comparing Eq. (11) and Eq. (26) yields (ii).
Remark 3. The classical I-MMSE relationship and de
Bruijn’s identity are recovered as special instances of Propo-
sition 3. Specifically, setting r(t) =

√
t, rN (t) = 1, (i)

reduces to the classical I-MMSE relationship ∂
∂tI(X;Y ; t) =

1
2 MMSEHX(t). When r(t) = 1, rN (t) =

√
t, (ii) recovers de

Bruijn’s identity ∂
∂th(Y ; t) = 1

2Tr (J(Y ; t)).
The proof reveals that all second-degree quantities share

a common monomial basis: x1x
T
1 and x1x

T
2 (or their traces

for scalar forms). These monomials span a two-dimensional
space. Since the coefficients of our quantities of interest under
this basis are proportional, mutual expressibility is guaranteed.
The following corollary establishes a direct connection among
the three key quantities without zero-degree terms.
Corollary 2. Under the same conditions as in Proposition 3,
the following identity holds:

∂

∂t
h(Y ; t) = rNr′NTr

(
J(Y ; t)

)
+

rr′

r2N
MMSEHX(t). (27)

B. Fourth-Degree Relationships

We present several key novel fourth-degree identities, with
proofs deferred to the appendix for brevity.
Theorem 1. Consider the dual-scaled MIMO Gaussian chan-
nel Eq. (1). Under Assumption 1, the following identity holds:

r3N
∂

∂t
MMSEHX(t)

=2 (rr′N − r′rN ) rE
[
Tr

(
Cov2 (HX|Y ; t)

)]
.

(28)

This theorem shows that the rate of change of MMSE
is “parallel” to the expected trace of the squared condi-
tional covariance, scaled by the difference in signal and
noise scaling rates. This theorem also allows us to further
relate E

[
Tr

(
Cov2 (HX|Y ; t)

)]
with the derivative of non-

parametric Fisher information and the second derivative of
mutual information using Proposition 3, which we omit here
for brevity. The relationship between PFI and variance is
further characterized in two special parametric settings.
Theorem 2 (PFI-Variance Relationship: Noise Scaling Only).
Consider the dual-scaled MIMO Gaussian channel Eq. (1)
with constant signal scaling r(t) = c > 0, under Assump-
tion 1, the PFI satisfies

r4NJY (t) =c2rNr′NE
[
∂

∂t
Tr (Cov (HX|Y ; t))

]
− 4c2 (r′N )

2
MMSEHX(t) + 2Lr2N (r′N )

2
.

(29)

Theorem 3 (PFI-Variance Relationship: Quadratic Sig-
nal-Noise Coupling). Consider the dual-scaled MIMO Gaus-
sian channel Eq. (1) with r(t) = cr2N (t) for some constant
c > 0, under Assumption 1, the PFI satisfies

r2JY (t) =− 1

4
c2r2 (r′)

2 E
[
Var

(
∥HX∥2 |Y ; t

)]
+ cr (r′)

2 E
[
∥HX∥2

]
+

1

2
L (r′)

2
.

(30)

The following corollary illustrates two specific instances of
Theorems 2 and 3.
Corollary 3. If r(t) = 1, rN (t) = 1/

√
2t, then

JY (t) =− E
[
∂

∂t
Tr (Cov (HX|Y ; t))

]
− 2

t
MMSEHX(t) +

L

2t2
.

If r(t) = t, rN (t) =
√
t/2, then

JY (t) = −E
[
Var

(
∥HX∥2 |Y ; t

)]
+

2

t
E
[
∥HX∥2

]
+

L

2t2
.



JY (t)
I↔ 1

r2r6N

(
−a2r4 ∥Hx1∥4 + (a− b)2r4 ∥Hx1∥2 ∥Hx2∥2 − 2(2a− b)(a− b)r3 ∥Hx1∥2 yTHx2

+ (2a− b)2r2(yTHx1)(y
THx2)− 4a(a− b)r2Nr2 ∥Hx1∥2 + 2Lr4Na2) (18)

∂

∂t
MMSEHX(t)

I↔ 1

r3r3N

[
−(a− b)r4 ∥Hx1∥2 (Hx1)

T (Hx2) + (a− b)r4 ∥Hx1∥2 ∥Hx2∥2

−(a− b)r3 ∥Hx1∥2 yTHx2 + (a− b)r2 (Hx1)
T (Hx2) y

Ty − L(a− b)r2Nr2 (Hx1)
T (Hx2)

]
(19)

E
[
∂

∂t
Tr (Cov (HX|Y ; t))

]
I↔ 1

r3Nr3
[
−ar4 ∥Hx1∥4 + (a− b)r4 ∥Hx1∥2 ∥Hx2∥2 + (3b− 4a)r3 ∥Hx1∥2 yTHx2

− 2(b− 2a)r2 (Hx1)
T y (Hx2)

T y + 2(b− 2a)r2r2N (Hx1)
T (Hx2)

]
(20)

E
[
Tr

(
Cov2 (HX|Y ; t)

)] I↔ 1

2r4
[
−r4 ∥Hx1∥2 (Hx1)

T (Hx2) + r4 ∥Hx1∥2 ∥Hx2∥2 − r3 ∥Hx1∥2 (Hx2)
T y

+ r2 (Hx1)
T (Hx2) y

Ty − r2Nr2L (Hx1)
T (Hx2)

]
(21)

E
[
Var

(
∥HX∥2 |Y ; t

)] I↔ 1

r4
[
r4 ∥Hx1∥4 − r4 ∥Hx1∥2 ∥Hx2∥2

]
(22)

These results provide engineering insight for sensing-
oriented systems. For example, Theorem 2 shows that max-
imizing PFI and minimizing MMSE are not conflicting ob-
jectives. This shows that sensing and communication can be
effectively integrated with E

[
∂
∂tTr (Cov (HX|Y ; t))

]
being

an indicator of the system capability. In Corollary 3, the
two scaling regimes indicate that different terms dominate
in different operating ranges with respect to the parameter
t, suggesting distinct optimization priorities.

Unlike in second-degree space with only two basis
elements, fourth-degree space has higher dimensionality,
requiring more than two quantities to form a gener-
ally held linear relationship. Relatively simple cases arise
when the parametric functions r(t), rN (t) satisfy certain
constraints, as demonstrated in the above two theorems.
When reducing the MIMO channel to a scalar chan-
nel with L = K = 1, H = 1, fourth-degree
EPRs form a five-dimensional space, with basis elements
x4
1, x

3
1x2, x

2
1x

2
2, x

2
1x2y, x1x2y

2. Consequently, at most five lin-
early independent fourth-degree quantities can fully character-
ize the fourth-degree components of PFI. For example, in the
scalar case, E

[
X4

]
, E

[
∂
∂tVar (X|Y ; t)

]
, E

[
Var2 (X|Y ; t)

]
,

E
[
(X − E [X|Y ; t])

4
]
, E

[
Var

(
X2|Y ; t

)]
form such a set of

quantities to describe PFI.

V. CONCLUSION

This paper proposes a unified equivalent polynomial repre-
sentation framework for dual-scaled MIMO Gaussian chan-
nels, unifying parametric/nonparametric Fisher information,
mutual information, minimum mean squared error, and condi-
tional variance. Within this framework, extended de Bruijn’s
identity and I-MMSE relationship are derived, and novel PFI-
variance connections are established. These results deepen the
links between information theory and parametric estimation,
with potential relevance to sensing-oriented communication
problems.

APPENDIX

Property 2. The following fourth-degree equivalence relation-
ships hold:

1)
(
yTy

)2 ↔ r4 ∥Hx1∥4+2(L+2)r2r2N ∥Hx1∥2+L(L+
2)r4N

2) yTyyTHx1 ↔ r3 ∥Hx1∥4 + (L+ 2)rr2N ∥Hx1∥2

3) ∥Hx1∥2 yTy ↔ r2 ∥Hx1∥4 + Lr2N ∥Hx1∥2

4) ∥Hx1∥2 (Hx1)
T
y ↔ r ∥Hx1∥4

Proof of Theorem 1, 2, and 3. For notational simplicity,
we first define two auxiliary scalars

a(t) ≜ r(t)r′N (t), b(t) ≜ r′(t)rN (t).

Then using the equivalence properties Property 1 and 2, and
the order reduction lemma Lemma 1, we can obtain second-
order EPRs of the quantities involved in these theorems in
Eq. (18)–Eq. (22). Detailed derivations are omitted for brevity.

By Proposition 1, once the corresponding EPRs are
matched, the associated function-level identities follow. Com-
paring Eq. (19) and Eq. (21) yields Theorem 1. For Theorem 2,
r(t) being constant implies b(t) = 0. Then Eq. (18) and
Eq. (20) share the same fourth-degree basis elements with
proportional coefficients. The MMSE Eq. (10) then accounts
for the remaining second-degree terms.

For Theorem 3, r(t) = cr2N (t) implies b(t) = 2a(t).
Then JY (t) remains only two terms of fourth-degree mono-
mials, i.e., ∥Hx1∥4 and ∥Hx1∥2 ∥Hx2∥2 in Eq. (18), with
coefficients differing only in sign. E

[
Var

(
∥HX∥2 |Y ; t

)]
in

Eq. (22) then makes up for the fourth-degree structure, while
signal power E

[
∥X∥2

]
accounts for the remaining second-

degree terms.
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